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Abstract. We bring together two popular formalisms which generically parameterise devi-
ations from General Relativity on astrophysical and cosmological scales, namely the parame-
terised post-Newtonian (PPN) formalism and the effective field theory (EFT) of dark energy
and modified gravity. These separate formalisms are successfully applied to independently
perform tests of gravity in their respective regimes of applicability on vastly different length
scales. Nonlinear screening mechanisms indeed make it imperative to probe General Relativ-
ity across a wide range of scales. For a comprehensive interpretation of the complementary
measurements it is important to connect them to effectively constrain the vast gravitational
model space. We establish such a connection within the framework of Horndeski scalar-tensor
theories restricted to a luminal propagation speed of gravitational waves. This is possible via
the reconstruction of the family of linearly degenerate covariant Horndeski actions from the
set of EFT functions and the subsequent derivation of the PPN parameters from the recon-
structed theory. We outline the required conditions which ensure a reconstructed Horndeski
model possesses a screening mechanism that enables significant modifications on cosmological
scales while respecting stringent astrophysical bounds. Employing a scaling method, we then
perform the general post-Newtonian expansion of the reconstructed models to derive their
PPN parameters γ and β in their screened regimes.
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1 Introduction
General Relativity (GR) has successfully passed all tests from a wealth of high-precision
astrophysical measurements to date [1–7]. New Solar System and pulsar experiments such as
the FAST and SKA radio telescopes will further tighten these bounds [8–10]. In parallel to
the astrophysical probes, complementary efforts are being made to perform precise tests of
GR on cosmological scales [11–15]. During the past two decades there has been a significant
improvement in cosmological tests of gravity with the increasing quantity and quality of data.
In upcoming years we will benefit from further high-precision experiments that will enable us
to place more stringent constraints on GR. While the astrophysical constraints are generally
far tighter than the cosmological bounds, it is important to emphasise the vastly different
length scales involved. Considering the relevant orders of magnitude, the difference in scale
between astrophysical and cosmological tests is comparable to that between the diameter of
the atomic nucleus and the realm of everyday human experience. It is therefore imperative
to perform independent tests of GR in the cosmological regime. This necessity is further
emphasised by the emergence of nonlinear screening mechanisms [16–20] (see Refs. [14, 21]
for reviews) in modified theories of gravity that suppress deviations from GR for astrophysical
probes.
Traditionally, a particularly important driver for the development of modified gravity
theories on cosmological scales has been the evidence for the late-time accelerated expansion
of the Universe [22, 23]. While the cosmological constant offers the simplest explanation, a
number of theoretical obstacles [24–27] (cf. [28–30]) have led theorists to study a variety of
alternative scenarios to explain the underlying mechanism behind cosmic acceleration [14, 21].
The recent confirmation of a luminal speed of gravitational waves [31, 32] challenged modi-
fied gravity as the direct cause of the acceleration [33]. Nevertheless, the poorly understood
dominating dark sector provides sufficient motivation for performing thorough tests of grav-
ity. For instance, a dark energy component may still couple non-minimally to matter and,
while this interaction would not give rise to cosmic acceleration, the resulting modification of
gravity can still leave an observable impact on cosmological scales while being suppressed on
astrophysical scales.
The sheer size of the gravitational model space strongly motivates the development
of systematic approaches to comprehensively explore their cosmological and astrophysical
implications. Consequently, a great effort has gone into developing generalised and efficient
parameterisation frameworks for testing gravity (see Ref. [34] for a review) that enable one
to effectively discriminate between gravitational models with observational data.
The parameterised post-Newtonian (PPN) formalism [35] fulfils this purpose for astro-
physical phenomena subject to a low-energy static approximation. In this limit, one can
perform a post-Newtonian (PN) expansion in which the metric is expanded in the ratio of
its velocities to the speed of light, neglecting the background evolution and assuming an
asymptotic Minkowskian limit. The PPN formalism parameterises a generic PN expansion
with ten parameters in terms of the PN order of the modification [35], enabling stringent
model-independent tests of gravity. Owing to screening mechanisms, these constraints cannot
straightforwardly be applied to cosmological scales. Conversely, although cosmological modi-
fications of gravity may be endowed with effective screening mechanisms, deviations from GR
may not vanish completely from astrophysical systems. Importantly, the inherently nonlin-
ear nature of screening mechanisms complicates the application of PPN to models exhibiting
screening [36–40]. This can be attributed to the linearisation performed in the PN expansion
– 2 –
which renders screening ineffective. Crucially, the PPN formalism is also not suitable for
evolving backgrounds and thus for cosmology. Note that extensions of the PPN formalism to
cosmological scales have been pursued by patching together PN expansions in small regions
of spacetime to obtain a PPN cosmology [41, 42], or by performing a post-Friedmannian
expansion of the cosmological metric in powers of the inverse light speed [43, 44].
Inspired by the successes of PPN, the development of an equivalent formalism for tests
of gravity on cosmological scales has been the subject of intensive research (see Ref. [33] for
a review). Effective field theory (EFT) [45–55] has proved to be particularly practical for the
generalised description of the cosmological background and linear perturbations in gravita-
tional theories with additional degrees of freedom (also see Refs. [56, 57] for extensions to
nonlinear perturbations). An EFT action is constructed by summing operators which are con-
sistent with the symmetries imposed on the system up to a specified order. Extensive efforts
are devoted to constrain the EFT parameter space with current and upcoming cosmological
surveys such as Euclid [58] and LSST [59] (e.g., Refs. [60–62]). For a comprehensive inter-
pretation of observational constraints on gravity it is necessary to connect cosmological and
astrophysical formalisms so that bounds inferred from data in either regime can be combined.
It is indeed important to study the observational implications of the model space across a
wide range of length scales. For example, this point was emphasised in Ref. [63] where it was
demonstrated that scalar-tensor theories cannot exhaustively be distinguished from ΛCDM
up to arbitrary finite n-th order in the cosmological perturbations. Astrophysical constraints
are therefore needed to complement cosmological constraints and vice-versa.
In Ref. [34] it was proposed that a link between the two formalisms can be established
within the framework of general scalar-tensor theories. Scalar-tensor theories are among the
most popular extensions to GR [11–15], introducing an additional scalar degree of freedom in
the Einstein-Hilbert action that modifies the gravitational dynamics. This addition may lead
to instabilities associated with higher-order equations of motion [64] and so it is necessary
to restrict the structure of the theory in such a way that they can be avoided. This is
accomplished with the Horndeski action [65–67] which represents the most general set of
covariant scalar-tensor theories with second-order equations of motion. Note however that it
is possible to construct stable scalar-tensor theories with higher-order equations of motion [68,
69]. Due to the essentially infinite freedom in Horndeski theory, the EFT of dark energy is
tremendously useful to describe its phenomenology without reference to a specific model. All
of the effects of Horndeski theory on the cosmological background and linear perturbations can
then be encoded in just five EFT parameters. Their functional form is determined either by a
specific Horndeski theory or chosen with a phenomenological motivation without reference to
a particular underlying model. Conversely, starting from EFT, one may use a reconstruction
method [70, 71] that maps from a set of EFT functions to the set of Horndeski theories which
are degenerate at the level of the background and linear perturbations. This reconstruction
can also be extended to n-th order perturbations in EFT [63]. As pointed out in Ref. [34], this
reconstruction can be used to recover the family of covariant Horndeski models for a given set
of EFT functions, from which then the PPN parameters can be inferred, hence establishing
a link between the two formalisms.
While the linear cosmological behaviour of Horndeski theories is exhaustively described
by the EFT of dark energy, their PPN description has not yet been fully developed [36–40].
This is predominantly due to the complexity arising from the nonlinear screening mechanisms
that are active on astrophysical scales. These are an essential component of scalar-tensor
theories and as aforementioned allow significant modifications of GR at cosmological scales
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while still enabling them to satisfy stringent astrophysical constraints. Developing the PPN
formalism for Horndeski theories is therefore an important aim of current research. Recently,
progress has been made for the subclasses of Galileon interactions [36, 39, 40] and chameleon
gravity [39]. The scaling method of Ref. [72] has proven particularly useful to describe the
screening properties of general Horndeski theories, enabling one to perform the PN expansion
in screened regimes.
In this paper we will pursue two aims. We will first develop the PPN formalism for
general Horndeski theories employing the scaling method under the restriction of a luminal
propagation speed of tensor modes as motivated by the recent gravitational wave measure-
ments [31, 32]. The formalism should cover all known classes of screening mechanisms. Sec-
ond, we apply the formalism to the reconstructed Horndeski models from the EFT of dark
energy and modified gravity on cosmological scales, thus establishing a connection between
the cosmological EFT and astrophysical PPN formalisms in the framework of Horndeski
scalar-tensor gravity.
The paper is organised as follows. In Sec. 2 we briefly review the theoretical ingredients
we will utilise to connect the PPN and EFT formalisms. We discuss Horndeski theories,
the EFT of dark energy and modified gravity on cosmological scales, and the reconstruc-
tion method of mapping from the EFT framework to covariant Horndeski theories. We also
summarise the main aspects of the PPN formalism for astrophysical tests of gravity that are
relevant for scalar-tensor theories and the scaling method that enables a PN expansion in
screened regimes. In Sec. 3 we employ the scaling method to construct a technique that tests
whether a reconstructed Horndeski theory with cT = 1 possesses a screening mechanism or
conversely can be used to exploit the nonlinear freedom of reconstructed models to incorpo-
rate a screening mechanism. The connection between the PPN and EFT formalisms within
the framework of Horndeski gravity is then developed in Sec. 4, where we perform the PN
expansion of the reconstructed theories and compare it to the standard PPN expansion to
derive the PPN parameters. We conclude with a summary of our results in Sec. 5. Finally,
in the appendix we provide some useful relations employed in the derivations presented in
Secs. 2–4, we develop the scaling method at the level of the action, and we provide an example
of how our formalism can be used to infer parameter constraints with pulsar systems.
2 Parameterising Horndeski models for astrophysics and cosmology
Before developing the connection between the PPN formalism and the EFT of dark energy
in the framework of Horndeski gravity in Sec. 4, we shall first briefly introduce the necessary
theoretical background for establishing this link. In Sec. 2.1 we present a brief review of
Horndeski gravity and discuss the different classes of screening mechanisms that can operate
in it. In Sec. 2.2 we review some aspects of the effective field theory of dark energy that
parameterises Horndeski modifications for linear cosmological perturbations. EFT does not
capture the inherently nonlinear screening effects. For this purpose we discuss a reconstruction
method which maps from a set of EFT parameters to a family of linearly degenerate Horndeski
models, providing the necessary nonlinear completion to study screening. For slowly evolving
weak-field gravitational phenomena the cosmological EFT formalism becomes inadequate,
and in Sec. 2.3 we briefly review the parameterised post-Newtonian formalism appropriate
for this regime. However, PPN is inadequate for cosmological applications due to its static
assumption. As with EFT, the linearisation performed in the PPN expansion complicates
the straightforward description of screening effects. W We therefore discuss a scaling method
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which enables a consistent expansion in screened regimes. We will use these tools in Sec. 3 to
develop an expansion in the screening limits of Horndeski theory before connecting the PPN
and EFT formalisms in Sec. 4.
2.1 Horndeski gravity
We restrict our study to scalar-tensor gravity. The most general four-dimensional, local,
Lorentz-covariant scalar-tensor theory with second-order equations of motion is given by the
Horndeski action [65]
SH
[
φ, g
]
=
M2p
2
∫
d4x
√−g
{
G2(φ,X)−G3(φ,X)φ
+G4(φ,X)R+G4X(φ,X)[(φ)2 − (∇µ∇νφ)2]
+G5(φ,X)Gµν∇µ∇νφ− G5X(φ,X)
6
[(φ)3 − 3φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3]
}
+ Sm[g] , (2.1)
where R is the Ricci scalar of the metric gµν , X ≡ −12∇µφ∇µφ is the kinetic term of the
scalar field, Gi(φ,X) with i = 2, ..., 5 are arbitrary functions, M2p = (8piG)−1 denotes the
reduced Planck mass squared, and we have set the speed of light in vacuum to c = 1. The
subscripts φ and X in Giφ or GiX represent partial derivatives of the function with respect
to φ or X respectively. Motivated by the recent upper bound set on the propagation speed
of tensor modes (cT − 1) < 10−15 [31, 32] we will assume cT = 1 in this work. This bound
effectively sets G4X = G5 = 0 in the Horndeski action [72], although novel mechanisms that
can avoid this constraint are presented in Refs. [73–75]. We assume G4X = G5 = 0 for the
rest of this work unless otherwise stated. The equations of motion which follow from the
action in Eq. (2.1) are given by [67, 72]
G4(φ)Rµν = −
4∑
i=2
R(i)µν +
1
M2p
(
Tµν − 1
2
gµνT
)
, (2.2)
4∑
i=2
(
∇µJ (i)µ − P (i)φ
)
G4(φ) +
4∑
i=2
R(i) = − T
M2p
, (2.3)
where Tµν is the energy-momentum tensor, R
(i)
µν , J
(i)
µ , and P
(i)
φ are defined in Appendix
A.1, and R(i) is the trace of R(i)µν . Solar System and astrophysical tests of gravity have
already placed tight constraints on the presence of a non-minimally coupled extra scalar
degree of freedom in high-curvature regions [1, 5]. Effects of a scalar field modifying gravity at
cosmological scales should therefore be highly suppressed in these regimes. This requirement
has led to the intensive study of screening mechanisms that suppress modifications of GR in
the Solar System and for most astrophysical objects. Many scalar-tensor theories possess a
screening mechanism which can be classified into three main categories [14]. (i) Large field
value screening is effective in regions where the Newtonian potential ΦN is larger than a certain
threshold Λ. Examples of this type of screening are the chameleon [18], symmetron [20] and
dilaton [17] mechanisms. (ii) Screening via first derivatives of the scalar field takes place in
strong acceleration regimes where ∇ΦN > Λ2, which generally corresponds to ∂φ/Λ2  1. A
typical example is k-mouflage [19]. (iii) Second derivative screening suppresses modifications
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in high curvature regions where ∇2ΦN > Λ3, which usually translates into the condition
φ/Λ3  1 for the scalar field. The Vainshtein mechanism is a good example of this class of
screening [16].
2.2 Cosmological scales
Rather than parameterising the function Gi(φ,X) in Eq. (2.3) as arbitrary functions of φ
and X, it is often more practical to parameterise the effective gravitational modifications
they induce in a given regime of interest. On linear cosmological scales, the effective field
theory of dark energy and modified gravity [45–55] has proven to be especially useful. For
the unfamiliar reader, in Sec. 2.2.1 we will briefly review the aspects of the EFT formalism
that are of particular relevance to this work. In Sec. 2.2.2 we will then review how the family
of covariant Horndeski theories that correspond to a given set of EFT parameters can be
recovered with the reconstruction method of Refs. [70, 71].
2.2.1 Effective field theory of dark energy and modified gravity
In developing the EFT of dark energy and modified gravity one begins by foliating spacetime
with space-like hypersurfaces as in the Arnowitt-Deser-Misner (ADM) formulation of GR [76],
described by the line element
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) , (2.4)
where N is the lapse, N i the shift, and hij is the induced metric on the three-dimensional
hypersurfaces. In this formalism diffeomorphism invariance allows us to choose a foliation of
spacetime such that the scalar field is completely determined by the time coordinate φ = φ(t).
This choice is called the unitary gauge and as a consequence the scalar field perturbations do
not appear explicitly in the action, rather they are absorbed into the time-time component
of the metric g00. For simplicity we choose the relation between the scalar field and the time
coordinate to be
φ(t) = tM2∗ , (2.5)
whereM∗ is the bare Planck mass. The normal vector to each space-like hypersurface is given
by
nµ := − ∇µφ√−(∂φ)2 = − δ
0
µ√
−g00 , (2.6)
the intrinsic curvature of the hypersurface is given by the three-dimensional Ricci tensor R(3)µν ,
and the extrinsic curvature tensor is denoted Kµν .
Full diffeomorphism invariance is lost in the unitary gauge yet it can be restored us-
ing the StÃĳckelberg trick by shifting the time coordinate by a small perturbation pi(x) as
t→ t+ pi(x). The scalar field perturbation pi(x) is then explicitly re-introduced into the ac-
tion as the Nambu-Goldstone boson of the spontaneously broken time translation symmetry.
Furthermore, with the definition in Eq. (2.5) we see that the kinetic term can be written as
X = −1
2
M4∗ g
00 = −1
2
M4∗ (−1 + δg00) , (2.7)
where δg00 is the perturbation of the 00-component of the metric.
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The EFT action describing the dynamics of both the cosmological background and linear
perturbations of Horndeski theory is then given by [48–50]
S =S(0,1) + S(2) (2.8)
S(0,1) =
M2∗
2
∫
d4x
√−g
[
Ω(t)R− 2Λ(t)− Γ(t)δg00
]
, (2.9)
S(2) =
∫
d4x
√−g
[
1
2
M42 (t)(δg
00)2 − 1
2
M¯31 (t)δKδg
00
− M¯22 (t)
(
δK2 − δKµνδKµν − 1
2
δR(3)δg00
)]
, (2.10)
where the time dependent functions are called the EFT parameters, δR(3) is the perturbation
of the three-dimensional Ricci scalar of the constant time hypersurfaces, and we have adopted
the notation of Refs. [70, 77]. The functions Ω(t), Λ(t) and Γ(t) are related by the background
Friedmann equations
Γ + Λ = 3
(
ΩH2 + Ω˙H
)
− ρm
M2∗
, (2.11)
Λ = 2ΩH˙ + 3ΩH2 + 2Ω˙H + Ω¨ , (2.12)
where H is the Hubble parameter, ρm is the matter density and dots denote time derivatives.
The set of seven EFT functions{
Ω(t),Λ(t),Γ(t),M42 (t), M¯
3
1 (t), M¯
2
2 (t), H(t)
}
(2.13)
can then be reduced to five free functions with Eqs. (2.11) and (2.12). It is then possible to
express these EFT functions in different bases. For example Ref. [52] expressed them as the
following physically motivated set,{
αM (t), αB(t), αK(t), αT (t), H(t)
}
, (2.14)
which are related to the basis in Eq. (2.13) as
αM =
M2∗Ω′ + 2(M¯22 )′
M2∗Ω + 2M¯22
, αB =
M2∗HΩ′ + M¯31
2H
(
M2∗Ω + 2M¯22
) ,
αK =
M2∗Γ + 4M42
H2
(
M2∗Ω + 2M¯22
) , αT = − 2M¯22
M2∗Ω + 2M¯22
, (2.15)
where primes indicate derivatives with respect to ln a with a being the scale factor. The
parameter αM denotes the evolution rate of the squared effective Planck mass M2(t), αB
quantifies the coupling between the metric and the scalar field, αK is a coefficient of the
kinetic term of the scalar field, and αT describes the deviation of the speed of gravitational
waves from the speed of light, where αT = 0 is assumed throughout this paper (Sec. 2.1).
Alternatively, Refs. [55, 71] formulated another basis which inherently avoids gradient and
ghost instabilities.
Note that the linear expansion performed with the EFT formalism precludes from cap-
turing the inherently nonlinear screening effects of a model. In principle, a linear shielding
mechanism can operate in Horndeski theories though this ruled out by the αT = 0 con-
straint [32, 77]. In order to describe the nonlinear behaviour associated with a set of EFT
parameters, one must reconstruct the family of covariant Horndeski Lagrangians that gives
rise to the original set of EFT parameters.
– 7 –
U(φ) = Λ + Γ2 −
9HM¯31
8M2∗
− (M¯31 )′8 b1(φ) =
M¯31
2M6∗
a2(φ) =
M42
2M8∗
+
(M¯31 )
′
8M6∗
− 3HM¯31
8M8∗
F (φ) = Ω
Z(φ) = Γ
M4∗
− 2M42
M6∗
− 3HM¯31
2M6∗
+
(M¯31 )
′
2M4∗
Table 1: Coefficients of the Horndeski functions Gi(φ,X) expanded in X in
Eqs. (2.16)–(2.18), reconstructed from the cosmological EFT parameters.
2.2.2 Reconstructed Horndeski models
Starting from a particular Horndeski action, one can express it in the unitary gauge, perform
an expansion in the perturbations, and derive the corresponding EFT parameters [52, 78].
Conversely, Refs. [70, 71] developed the reverse mapping from a given set of EFT parameters to
the class of Horndeski theories that are degenerate at the level of the cosmological background
and linear perturbations. The reconstructed family of Horndeski theories is given by
G2(φ,X) =−M2∗U(φ) +M2∗Z(φ)X + 4a2(φ)X2 + ∆G2 , (2.16)
G3(φ,X) =− 2b1(φ)X + ∆G3 , (2.17)
G4(φ,X) =
1
2
M2∗F (φ) , (2.18)
where the functions U , Z, a2, b1 and F are defined in terms of the EFT parameters in Table 1.
The terms ∆Gi can be added to the reconstructed theory without affecting the background
and linear perturbations and are specified by
∆Gi(φ,X) =
∑
n≥3
ξ(i)n (φ)
(
1− 2X
M4∗
)n
, (2.19)
where ξ(i)n (φ) are arbitrary functions. Eq. (2.19) characterises the degenerate family of Horn-
deski theories that yield the same set of EFT parameters. Note that the form of Eq. (2.19)
differs from Ref. [70] due to the different definition of X.
In Sec. 3 it will prove useful to write the Horndeski functions as a polynomial in X/M4∗
instead of 1− 2X/M4∗ . Assuming each ∆Gi to be a finite polynomial we then obtain
∆Gi(φ,X) =
N(i)∑
n=3
n∑
m=0
(
n
m
)(−2X
M4∗
)m
ξ(i)n (φ) , (2.20)
where N (i) is the order of the polynomial. Using the definitions in Table 2 one can express
each term in the reconstructed action as a single sum given by
Gi(φ,X) =
N(i)∑
m=0
N(i)∑
n=m
(
n
m
)(−2X
M4∗
)m
ξ(i)n (φ) . (2.21)
This expansion describes the set of reconstructed Horndeski theories with cT = 1 and we
will henceforth work with Gi functions of this form. Finally, note that it was demonstrated
– 8 –
ξ
(2)
0 (φ) = −M2∗U(φ) + 12M6∗Z(φ) +M8∗a2(φ) ξ
(2)
1 (φ) = −12M6∗Z(φ)− 2M8∗a2(φ)
ξ
(2)
2 (φ) = M
8∗a2(φ) ξ
(3)
0 (φ) = −M4∗ b1(φ)
ξ
(3)
1 (φ) = M
4∗ b1(φ) ξ
(3)
2 = 0
ξ
(4)
0 (φ) =
1
2M
2∗F (φ)
Table 2: Definition of the functions ξ(i)n (φ) at the lowest orders in the EFT expan-
sion when writing the Horndeski functions as an expansion in (1 − 2X/M4∗ ) as in
Eq. (2.19). The analogous result with the EFT functions {αM (t), αB(t), αK(t)} can
be found in Appendix A.2.
in Ref. [63] that the reconstruction method can be extended to higher orders in EFT. It is
therefore possible to express each function at n-th order in perturbations ξ(i)n (φ) in terms of
a set of nonlinear EFT parameters. In addition, the expansion can be used to implement a
screening mechanism in the reconstructed model [63] (Sec. 3).
2.3 Astrophysical scales
Generic tests of gravity have successfully been conducted with slowly evolving weak-field
gravitational phenomena that are well described by the low-energy static limit of GR, a regime
particularly applicable to Solar System tests of gravity [2]. In this limit one can perform a
post-Newtonian expansion in which the metric is expanded in orders of (v/c), neglecting
cosmological evolution and assuming an asymptotic Minkowski limit. The expansion can be
parameterised for generalisations of gravitational interactions, enabling model-independent
tests of gravity. For readers unfamiliar with the parameterised post-Newtonian formalism, we
shall present a brief summary of its most relevant aspects to this work in Sec. 2.3.1. Given the
neglect of the background evolution, the PPN formalism is not suitable for cosmology (see,
however, Refs. [41–44] for generalisations). Importantly, because of the linearisation of the
field equations in the post-Newtonian expansion, the nonlinear interactions that give rise to
screening mechanisms are removed. Obtaining a direct mapping from the screened models to
the PPN formalism and the straightforward comparison to observational parameter bounds
is therefore not straightforward. Screening effects can also depend on ambient density, giving
rise to both low-energy limits where screening operates and where it does not. In Sec. 2.3.2
we briefly review the scaling method of Refs. [39, 72] that has been developed to deal with
these complications and enable a post-Newtonian expansion in screened regimes.
2.3.1 Parameterised post-Newtonian formalism
The PPN formalism was developed in Ref. [35] to describe deviations from the PN expansion
of GR in terms of ten additional parameters. The ten PPN parameters characterising the
formalism are chosen such that they describe violations of the strong equivalence principle
(SEP). The SEP states that the freely falling motion of self-gravitating bodies is independent
of their composition and any local systems satisfy Lorentz and position invariance [5]. Only
two of the PPN parameters in scalar-tensor theories deviate from their GR values, namely γ,
which describes spacetime curvature produced by a unit rest mass, and β, which accounts for
non-linearities in the superposition law of gravity [2]. These two parameters affect the freely
falling motion of self-gravitating bodies so that objects with different densities will behave
– 9 –
differently in the same gravitational field. For a complete description of the PPN formalism
see Ref. [5]. The order of the PPN expansion is set by the velocity v ∼ OPN (1) and from the
virial relation [79] we can relate this to the Schwarzschild radius with Rs ∼ v2 ∼ OPN (2).
One can show [5] that the PN expansion of the metric gµν := ηµν + hµν is given by
g00 = −1 + h(2)00 + h(4)00 +OPN (6) , (2.22a)
g0i = h
(1)
0i + h
(3)
0i +OPN (5) , (2.22b)
gij = +1 + h
(2)
ij +OPN (4) , (2.22c)
where h(i)µν ∼ OPN (i) are the correction terms to the Minkowski metric. The 0i-components of
the metric do not contribute to γ and β and so we omit them in this work. We represent matter
as a perfect fluid with matter density ρ, pressure p and specific energy density Π. The matter
density as well as the specific energy density are of the order of the Newtonian potential ΦN ,
namely ρ ∼ Π ∼ ΦN ∼ OPN (2) and the pressure is comparable to the gravitational energy
p ∼ ρΦN ∼ OPN (4). The energy-momentum tensor Tµν can then be written up to order
OPN (4) as [5]
T00 = ρ
(
1 + Π + v2 − h(2)00
)
+OPN (6) , (2.23a)
Tij = ρv
ivj + pδij +OPN (6) . (2.23b)
In GR, the PN metric can be found by solving the Einstein field equations at order OPN (4)
with the approximations (2.22) and (2.23). Adding the contributions from the parameters γ
and β to the GR solution yields the PPN metric
g00 =− 1 + 2ΦN − 2βΦ2N + (2γ + 2)Φ1
+ 2(−2β + 1)Φ2 + 2Φ3 + 6γΦ4 +OPN (6) , (2.24a)
gij = (1 + 2γΦN )δij +OPN (4) , (2.24b)
where the potentials ΦN and Φi, i = 1, ..., 4 are defined in Appendix A.4.
The goal of this work is to derive the PN expansion of reconstructed Horndeski theories in
their screened region and compare it to the PPN metric in Eq. (2.24) to obtain a prediction for
the PPN parameters. This will establish a connection between the EFT and PPN formalisms
in the framework of Horndeski gravity (Sec. 4).
2.3.2 Scaling method for the expansion in screened regimes
Since screening mechanisms are inherently nonlinear, the linearisation of the field equations
performed in the post-Newtonian expansion prevents straightforward identification of the
PPN parameters for Horndeski models endowed with screening mechanisms. There are the
models of particular interest for cosmological modifications of gravity. Ref. [72] proposed a
universal technique called the scaling method to both test whether a scalar-tensor theory
possesses a screening mechanism, as well as enable an expansion of the model in its screened
regime.
In order to apply the scaling method, we start by expanding the scalar field in terms of
a field perturbation ψ as
φ = φ0(1 + α
qψ) , (2.25)
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where φ0 denotes the background value of the scalar field and α is a theoretical coupling con-
stant raised to an arbitrary power q ∈ R. To ensure the perturbation around the background
field value φ0 is linear we require αqψ  1. One can now apply this expansion to the scalar
field equation, which schematically becomes
αs+mqF1(ψ, X˜) + α
t+nqF2(ψ, X˜) =
T
M2p
, (2.26)
with n,m ∈ N, s, t ∈ R and X˜ = −12∇µψ∇µψ. In general, the left-hand side of Eq. (2.26)
can have additional terms with different powers of α which we disregard here for the sake
of simplicity. The main feature of the scaling method is to set an appropriate value for q
such that in the limit α → ∞ or α → 0, we are left with the field equations in the desired
regime, where ψ  α or ψ  α respectively. Returning to the example in Eq. (2.26) we
can assume without loss of generality that −s/m < −t/n. Since the right-hand side of
Eq. (2.26) is independent of α it is necessary for at least one term to be independent of α on
the left-hand side which survives in the limit. Hence q can take two possible values, namely
q ∈ {−s/m,−t/n}. With q = −s/m the limit α→ 0 is divergent, but the limit α→∞ yields
the field equation
F1(ψ, X˜) =
T
M2p
. (2.27)
Alternatively, with the choice of q = −t/n the limit α → 0 gives the scalar field equation in
the opposite regime
F2(ψ, X˜) =
T
M2p
. (2.28)
If one generalises the concept to a left-hand side of the form
∑
αsi+miqFi with i = 1, ..., N
and si ∈ R and mi ∈ N∗, then the set of possible values for q is Q := {−si/mi}i. In the
regime where α → ∞ we need to choose q = minQ, whereas in the limit α → 0 we take
q = maxQ.
It is also necessary to determine the form of the metric field equation in the same limit.
In particular, the field equations should converge with the chosen q-value in the required
limit. If this is not the case the theory is not well defined in this regime. Furthermore, the
Einstein field equations should be recovered in the screened region, shown to be α → ∞ for
derivative screening and α→ 0 for large field value screening [72].
The scaling method therefore acts to identify and extract the dominant terms in the
equations of motion in a given limit such as a high-curvature regime. Once can then perform
an expansion in α, which is either valid in the screened or unscreened regime (Sec. 3).
3 Screening reconstructed Horndeski theories
As we have seen in Sec. 2 the class of reconstructed Horndeski theories from a set of EFT
functions is degenerate with respect to nonlinear correction terms. This degeneracy allows us
to choose a reconstructed theory with predetermined cosmological behaviour that exhibits a
screening mechanism. Because of its screening property, such a theory is more likely to satisfy
stringent astrophysical constraints [2, 6]. We shall now develop a technique to test for, and
if needed incorporate, a screening mechanism in a reconstructed theory of the form (2.21).
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We restrict to Horndeski theories with cT = 1 motivated by the LIGO constraint on the
propagation speed of tensor modes [31]. This ensures G4 is solely a function of the scalar
field and we make use of the fact that one can always redefine the scalar field such that
G4(φ) = φ. We shall focus on the screened limit. The procedure to find the unscreened
limit of reconstructed theories following the method developed in Ref. [72] will be described
in Appendix A.3.
We organise this section as follows. In Sec. 3.1 we find the α-dependence of the Horndeski
functions written as in Eq. (2.21) after the scalar field expansion φ = φ0(1+αqψ). In Sec. 3.2
we develop the testing method for an Einstein gravity limit on reconstructed theories with
luminal propagation speed of gravitational waves. In particular, we will distinguish the cases
of large field value and derivative screening. We illustrate the testing method in Sec. 3.3
by adding different screening mechanisms to a reconstructed theory, namely the chameleon,
k-mouflage, and Vainshtein mechanisms. Finally, we note that while the scaling method will
be applied at the level of the equations of motion as in Refs. [39, 72], in Appendix B we show
that it can also be applied directly at the level of the action.
3.1 Expansion of the Horndeski functions
In order to apply the scaling method to reconstructed Horndeski theories we first need to
understand how to extract the α-dependence from the Horndeski functions. As a first step
we wrote the functions Gi, i = 2, 3 as an expansion in (X/M4p )m. With the set {ξ(i)n (φ)}n≤2
defined in Table 2 we then wrote the Horndeski functions as in Eq. (2.21), which shall serve as
our starting point. Each ξ(i)n (φ) depends on the scaling parameter α. Making this dependence
explicit we redefine these functions as
ξ(i)n (φ)→
∑
k
αs
(i)
nkζ
(i)
nk(φ) , (3.1)
where the range of the sum depends on the number of terms with different α-orders. Fur-
thermore, we add a coupling parameter to the derivative term as follows
(1 +X/M4p )
n → (1 + αr(i)n X/M4p )n . (3.2)
Before substituting these redefinitions into Eq. (2.21) we shall simplify the notation. Each
power of X/M4p in Eq. (2.21) has a pre-factor of the form
N(i)∑
n=m
∑
k
(−2)m
(
n
m
)
αmr
(i)
n +s
(i)
nkζ
(i)
nk(φ) . (3.3)
First, one can define a new function ζ(i)mnk(φ) such that ζ
(i)
mnk(φ) ≡ (−2)m
(
n
m
)
ζ
(i)
nk(φ). We then
combine the double sums over n and k into a single sum over one index k. Furthermore, some
terms in the double sum of Eq. (3.3) may cancel and so we only sum over the non-vanishing
terms. Taking this all into account, we can rewrite Eq. (2.21) as
Gi(φ,X) =
N(i)∑
m=0
(
X
M4p
)m ∑
k∈I(i)m
αp
(i)
mkζ
(i)
mk(φ) , (3.4)
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where k ∈ I(i)m runs over the non-vanishing terms and p(i)mk = mr(i)k + s(i)k . Since the scaling
parameters in Eqs. (3.1) and (3.2) can be chosen arbitrarily we are free to impose p(i)mk ≥ 0
without loss of generality.
Ultimately, our goal is to find the order of α for each term of the field equations (2.2)
and (2.3). For this purpose, we utilise the operator α[·] defined in Ref. [72] where α[F ] gives
the set of all orders of α contained in the expression F . For example, applying this operator
to the expression F = Aαp + Bαq gives α[F ] = {p, q}. Before applying this operator to
Eq. (3.4) we need to expand the scalar field around its background value φ = φ0(1 + αqψ).
After this expansion the kinetic term becomes X → −φ20α2q(∂ψ)2/2. Assuming that the
functions ζ(i)mk(φ) are entire, i.e. they can be written as an infinite polynomial sum, we can
utilise the Weierstrass factorisation theorem [80] to write them as
ζ
(i)
mk(φ) = (φ− φ0)µ
(i)
mkf
(i)
mk(φ) , (3.5)
where µ(i)mk ∈ N is the multiplicity of φ0 and f (i)mk(φ) is such that f (i)mk(φ0) 6= 0. With the
ζ-functions written in this form, we can extract their α-dependence as
ζ
(i)
mk(φ)→ αqµ
(i)
mk φ
µ
(i)
mk
0 f
(i)
mk(φ0) . (3.6)
The α-order of each Gi function is then given by
α[Gi] = α
 ∑
(m,k)∈I(i)
(
X
M4p
)m
αp
(i)
mkζ
(i)
mk(φ)

=
⋃
(m,k)∈I(i)
{
p
(i)
mk + (2m+ µ
(i)
mk)q
}
, (3.7)
where I(i) = {(m, k) ∈ N2 | m = 0, ..., N (i); k ∈ I(i)m }. As derivatives of the Gi-functions also
enter the field equations it is necessary to determine their α-orders too. These are given by
α[GiX ] =
⋃
(m,k)∈I(i)X
{p(i)mk + (2m− 2 + µ(i)mk)q} , (3.8a)
α[Giφ] =
⋃
(m,k)∈I(i)
{p(i)mk + (2m+ µ(i)1,mk)q} , (3.8b)
α[Giφφ] =
⋃
(m,k)∈I(i)
{p(i)mk + (2m+ µ(i)2,mk)q} , (3.8c)
where I(i)X = {(m, k) ∈ N2 | m = 1, ..., N (i); k ∈ I(i)m }, µ(i)1,mk and µ(i)2,mk are the multiplicities
of φ0 for the functions ζ ′
(i)
mk(φ) and ζ
′′(i)
mk(φ) respectively, where a prime denotes a derivative
with respect to the scalar field φ. Note that in the case where µ(i)mk 6= 0 it follows that
µ
(i)
1,mk = µ
(i)
mk − 1 and similarly µ(i)1,mk 6= 0 =⇒ µ(i)2,mk = µ(i)1,mk − 1. However when µ(i)mk = 0
then µ(i)1,mk can take any values in N. When we consider the screening limit for large field
value screening mechanisms α → 0, there can be functions of the form ζ(i)mk = (φ − φ0)1/n
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or ζ(i)mk = (φ − φ0)−n where n ∈ N∗. We therefore need to include non-integer and negative
multiplicities for large field value screening limits and so in this case we allow µ(i)mk ∈ R.
To conclude, we shall find the mapping which relates the ζ(i)mk(φ) functions to ξ
(i)
n (φ) by
comparing Eq. (2.21) to Eq. (3.4). This is given by
∑
k∈I(i)µ
αp
(i)
mkζ
(i)
mk(φ) =
N(i)∑
n=m
(−2)mξ(i)n (φ)
(
n
m
)
, ∀m = 0, ..., N (i) . (3.9)
Since the set {ξ(i)n (φ)}n≤2 satisfies the relations of Table 2 we can use the nonlinear freedom
in reconstructed Horndeski theories for n > 2 to choose suitable functions that verify the
conditions (3.9).
3.2 Einstein gravity limit for Horndeski theories with cT = 1
We now develop a method to determine whether a reconstructed Horndeski theory of the
subclass G4X = G5 = 0 possesses an Einstein gravity limit. For this purpose, we distinguish
the conditions for derivative screening and large field value screening for the following two
reasons. Firstly, because the screened region is represented by taking the different limits
α → ∞ and α → 0 respectively. Secondly, because the allowed values for the multiplicities
µ
(i)
mk, i = 2, 3 are different, namely µ
(i)
mk ∈ N for derivative screening and µ(i)mk ∈ R for large
field value screening.
3.2.1 Method for derivative screening
Following the scaling method of Ref. [72], we will now formulate constraints on q such that we
recover GR in the screening limit α→∞. Examining the metric field equations in Eq. (2.2),
we can see that in order to recover the Einstein field equations it is necessary that G4(φ) = φ is
constant and non-zero in the screened limit. After expanding the scalar field φ = φ0(1+αqψ)
we can immediately see that G4 → φ0 if q < 0, which we take as the initial constraint on q.
Furthermore, in order to recover GR in the screened region, the sum
∑
R
(i)
µν must also vanish
from the metric field equation in this limit. Thus we need to choose a value of q such that all
the terms in
∑
R
(i)
µν are of negative α-order. LetM be the set of all orders in α of
∑
R
(i)
µν ,
M := α
 4∑
i=2
R(i)µν
 . (3.10)
Using the relations in Appendix A.1 between R(i)µν and the Horndeski functions, one can
directly rewriteM as
M := α[αq] ∪ α[G2] ∪ α[α3qG3X ] ∪ α[α2qG3φ] , (3.11)
= {q}
⋃
(m,k)∈I(2)
{
p
(2)
mk + (2m+ µ
(2)
mk)q
} ⋃
(m,k)∈I(3)X
{
p
(3)
mk + (2m+ 1 + µ
(3)
mk)q
}
⋃
(m,k)∈I(3)
{
p
(3)
mk + (2m+ 2 + µ
(3)
1,mk)q
}
. (3.12)
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Note that the factors αnq arise from the different derivatives of φ that accompany the Horn-
deski functions in the metric field equations and we made use of the relation α[α2qG2X ] ⊂
α[G2]. We further define the set QM to contain all possible values of q such that 0 ∈ M,
i.e. all q-values for which there is one term in the metric field equations that is independent
of α. Making use of Eq. (3.8) we find the set QM to be
QM ={0}
⋃
(m,k)∈I(2)
 −p
(2)
mk
2m+ µ
(2)
mk
 ⋃
(m,k)∈I(3)X
 −p
(3)
mk
2m+ 1 + µ
(3)
mk

⋃
(m,k)∈I(3)
 −p
(3)
mk
2m+ 2 + µ
(3)
1,mk
 . (3.13)
In order to end up with the Einstein field equations in the screened limit we need to find a
condition on q such that all the elements ofM are strictly negative. Since all denominators
in QM are positive, this requirement is simply
q < qM := minQM . (3.14)
Note that certain denominators in QM could be zero and therefore require a more careful
treatment. First note that zero denominators come from an element c ∈ M that is indepen-
dent of q, implying there is a term in the metric field equations with the order αc. Due to
the restriction that p(i)mk ≥ 0 we have that c ≥ 0. There are two scenarios to consider. When
c = 0 there is an undesired term in the metric field equation of order α0 and therefore we
do not recover GR in the screened region. If on the other hand c > 0 there is a term that
diverges in the screened region and we cannot recover GR. Note that in order for Eqs. (3.12)
and (3.13) to hold we have assumed that G2X 6= 2G3φ, a condition which is usually satisfied.
When dealing with a theory in which G2X = 2G3φ one must remove from M and QM the
contribution of G3φ from the metric field equation as well as the term linear in X from G2.
Let us now examine the scalar field equation (2.3). We first note that for G4(φ) = φ
the right-hand side of the scalar field equation is independent of α. At least one term on
the left-hand side that is also independent of α is therefore needed with every other term
disappearing in the limit α → ∞. Furthermore, from the condition in Eq. (3.14) we know
that G4 → φ0 and
∑
R(i) → 0 in the screening limit. Consequently, we are left only with the
terms multiplying G4 on the left-hand side of the scalar field equation (2.3) to compensate
the right-hand side. Let
S := α
 4∑
i=2
(
∇µJ (i)µ − P (i)φ
) , (3.15)
and QS be the set of all possible values for q such that 0 ∈ S. Our goal is to find the minimum
value in QS , which will subsequently be our value for q. In the same manner as for M one
can write the set S as
S =α[G2φ] ∪ α[αqG2X ] ∪ α[α2qG3φφ] ∪ α[α2qG3X ] ∪ α[αqG3φ] , (3.16)
where we again used the fact that α[α2qFX ] ⊂ α[F ] when F can be written in terms of the
expansion (3.4). Here again note that in the case where G2X = 2G3φ, some terms in the
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scalar field equation cancel out, thus we need to remove α[αqG2X ] and for G2Xφ = G3φφ, we
need to remove α[α2qG3φφ]. Keeping all the terms in the scalar field equation and using the
results of Sec. 3.1 we find
QS =
⋃
(m,k)∈I(2)
 −p
(2)
mk
2m+ µ
(2)
1,mk
 ⋃
(m,k)∈I(2)X
 −p
(2)
mk
2m− 1 + µ(2)mk
 ⋃
(m,k)∈I(3)
 −p
(3)
mk
2m+ 2 + µ
(3)
2,mk

⋃
(m,k)∈I(3)X
 −p
(3)
mk
2m+ µ
(3)
mk
 ⋃
(m,k)∈I(3)
 −p
(3)
mk
2m+ 1 + µ
(3)
1,mk
 . (3.17)
Since the aim is now to have a surviving term in the scalar field equation the requirement for
q becomes
q = qS := minQS . (3.18)
As was the case for QM, QS can also contain elements with a zero in the denominator which
we again separate into two distinct cases. The first case corresponds to terms that scale as
αc for some constant c > 0, which diverge in the α → ∞ limit leading to an inconsistent
theory. However, since we want to keep terms independent of α, if c = 0 we can still recover a
consistent scalar field equation in the screened limit in contrast to the analogous case for the
metric field equation. In this latter case, since one term in the scalar field equation already
compensates the trace of the stress-energy tensor, the condition in Eq. (3.18) can be relaxed
and we only require q ≤ qS . We summarise our result with the following proposition:
Proposition 3.1 (Derivative screening). A reconstructed Horndeski theory with cT = 1 has
an Einstein gravity limit for α→∞ ⇐⇒ −∞ < q < qM.
Before considering large field value screening we shall make the method more efficient by
reducing the number of relevant elements inQS . We initially note that either µ
(3)
2,mk = µ
(3)
1,mk−1
or µ(3)2,mk ≥ µ(3)1,mk, therefore since the denominators are strictly positive we have that
min
(m,k)∈I(3)
 −p
(3)
mk
2m+ 1 + µ
(3)
1,mk
 ≤ min(m,k)∈I(3)
 −p
(3)
mk
2m+ 2 + µ
(3)
2,mk
 . (3.19)
In addition, for m ≥ 1 we can use a similar argument to show that
min
(m,k)∈I(2)X
 −p
(2)
mk
2m+ µ
(2)
1,mk
 ≥ min(m,k)∈I(2)X
 −p
(2)
mk
2m− 1 + µ(2)mk
 . (3.20)
The term in G2(φ,X) of order m = 0 represents a scalar field potential, which can be shifted
by a constant value with no physical implications. This implies that when µ(2)0k = 0 and
µ
(2)
1,0k > 0 we can shift G2(φ) such that µ
(2)
0k = µ
(2)
1,0k + 1. Then the case of m = µ
(2)
0k = 0
renders the metric field equations incompatible with GR and can be discarded. With these
relations we can construct the set Q¯S ⊂ QS such that qS = min Q¯S , i.e. the smallest element
of QS is also in Q¯S . This smaller set is
Q¯S =
⋃
(m,k)∈I(2)
 −p
(2)
mk
2m− 1 + µ(2)mk
 ⋃
(m,k)∈I(3)X
 −p
(3)
mk
2m+ µ
(3)
mk
 ⋃
(m,k)∈I(3)
 −p
(3)
mk
2m+ 1 + µ
(3)
1,mk
 .
(3.21)
– 16 –
Comparing Q¯S with QM in Eq. (3.13) we can see that if a/b ∈ QM, then a/(b − 1) ∈ Q¯S .
We stress that the fraction a/b is in general not irreducible and should not be reduced. For
example, if 2/2 ∈ QM, then 2/(2− 1) ∈ QS and not 1/(1− 1). In particular, this means that
if b = 1 then it must be the case that a = 0 to avoid a divergent scalar field equation. Since
we can always choose q = qS even in the case where the scalar field equation contains an α0
term, this means that we only need qM to find q. Indeed, if qM = a/b, then we can directly
conclude that qS = a/(b− 1) = q.
3.2.2 Method for large field value screening
We shall now examine large field value screening mechanisms by considering the limit α→ 0.
A key difference with derivative screening is that we allow the multiplicities to be non-integer
and negative. This will have an implication on the method to test for a GR limit. In
particular, this results in some elements of QM and QS having negative denominators which
will impact the inequality conditions.
As the method of obtaining QM and QS is independent of the particular screening limit
we keep Eqs. (3.13) and (3.17) as their respective definitions. As for derivative screening, one
can find zero denominators in the elements of QM or QS . By similar reasoning, we conclude
that when −∞ ∈ QM or −∞ ∈ QS we still recover GR in the screened region. However,
when there is a term independent of α in the metric field equations we do not recover the
Einstein field equations. When there is a term independent of α in the scalar field equation
we can still recover GR in the screened region and the condition q = qS can also be relaxed.
In order to differentiate between terms with negative or positive denominators we perform
the following split
QM = Q−M ∪Q+M , (3.22)
QS = Q−S ∪Q+S , (3.23)
where Q−u , u = M,S contains elements with a denominator ≥ 0 and Q+u elements with a
denominator < 0. The ± convention on Q±u has been chosen so that elements of Q+u are
positive and elements of Q−u are negative since the numerators are negative. As Q
−
M only
contains zero or negative terms we have maxQ−M = 0. Furthermore, in order to only have
strictly positive elements inM after the choice of q we require
maxQ−M = 0 < q < minQ
+
M := q
+
M . (3.24)
As with derivative screening we want to find qS such that some terms in S are of order α0
while the α-order of the other terms is greater than zero. This means that
q = q−S := maxQ
−
S or q = q
+
S := minQ
+
S . (3.25)
However, since Q−S only contains elements that are less than or equal to zero the choice
q = q−S cannot satisfy the condition in Eq. (3.24) so it is discarded. We are then left with the
condition
q = q+S , (3.26)
which is relaxed to q ≤ q+S if 00 ∈ QS . We summarise with the proposition:
Proposition 3.2 (large field value screening). A reconstructed Horndeski theory with cT = 1
has an Einstein gravity limit for α→ 0 ⇐⇒ 0 < q < q+M.
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We can also simplify the method by analysing the set Q+S . For any elements in Q
+
S we
need µ(2)mk, µ
(2)
1,mk, or µ
(2)
2,mk to be strictly smaller than zero, otherwise the denominator cannot
be negative. Thus it is always the case that µ(2)1,mk = µ
(2)
mk − 1 and µ(2)2,mk = µ(2)1,mk − 1. This
implies that we can find q+S = min Q¯
+
S , where
Q¯+S ⊂ Q¯S (3.27)
only contains positive elements of Q¯S . In contrast to derivative screening, it is not generally
true that q+M := a/b =⇒ q+S = a/(b − 1) because it is possible that there exists a negative
element c/d ∈ Q−M such that c/(d−1) ∈ Q¯+S is both positive and the smallest element of Q¯+S .
In this case, one must construct Q¯+S and find q
+
S = min Q¯
+
S .
3.3 Application examples in reconstructed Horndeski theories
To illustrate our method, we shall now apply it to reconstructed theories incorporating an
example for each of the three classes of screening mechanisms, namely the chameleon, k-
mouflage and Vainshtein mechanisms. As shown in Ref. [63] we can implement these screening
mechanisms through the nonlinear correction terms in reconstructed Horndeski theories. This
means that it is always possible to choose a reconstructed theory which satisfies cosmological
constraints while also exhibiting a screening mechanism. Such a mechanism can potentially
make the reconstructed theory compatible with Solar System experiments depending on the
strength of the screening effect.
3.3.1 Large field value screening: chameleon mechanism
We start by considering large field value screening via the chameleon mechanism, follow-
ing Ref. [63]. We only add a correction term to the Horndeski function G2(φ,X) so that
G3(φ,X) = −2b1(φ)X and we set G4(φ) = φ. With a suitable correction term we can replace
the reconstructed potential M2pU(φ) with a chameleon potential of the form αN (φ − φ0)k.
For example, we could have G2(φ,X) of the form
G2(φ,X) = −M2pU(φ) +M2pZ(φ)X + 4a2(φ)X2 + ξ(φ)
(
1− 2 X
M4p
)3
, (3.28)
where ξ(φ) = M2pU(φ) − αN (φ − φ0)k and N, k ≥ 0. We further assume that the functions
U(φ), Z(φ) and a2(φ) do not have an α-dependence and they and their derivatives do not
cancel at φ0. Without this assumption there may be another screening mechanism which
conflicts with the chameleon mechanism we aim to implement. To begin we write Eq. (3.28)
as an expansion in X/M4p ,
G2(φ,X) = α
N (φ− φ0)k +
{
−6M6pU(φ) + 6αN (φ− φ0)k +M6pZ(φ)
} X
M4p
+
+
{
12M10p U(φ)− 12αN (φ− φ0)k + 4M8pa2(φ)
} X2
M8p
− 8ξ(φ) X
3
M12p
. (3.29)
Examining the first term on the right-hand side of Eq. (3.29) we see that p(2)00 = N , µ
(2)
00 = k
and µ(2)1,00 = k − 1. Similarly, from the second term we have p(2)1i = {0, N, 0}, µ(2)1i = {0, k, 0}
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and µ(2)1,1i = {0, k − 1, 0}. We can proceed equivalently for the higher order terms. Using
Eqs. (3.13) and (3.21) the sets QM and Q¯S are given by
QM =
{
0,
−N
k
,
−N
2 + k
,
−N
4 + k
}
and Q¯S =
{
0,
−N
k − 1 ,
−N
1 + k
,
−N
3 + k
}
. (3.30)
Since we are dealing with large field value screening we follow the procedure derived in
Sec. 3.2.2 and check for an Einstein gravity limit with proposition 3.2. We distinguish be-
tween separate cases: (i) when N = 0 we have QM = QS = {0} implying proposition 3.2
cannot be satisfied and conclude that N > 0 in order to obtain an Einstein gravity limit; (ii)
when k = 0 there is a term 1 · αN in the action which cannot serve as a screening term since
it gives no contribution to QS , and Q¯S = ∅. There is therefore no Einstein gravity limit;
(iii) similarly for k ≥ 1, we have Q+S = ∅ implying there is no suitable choice of q; (iv) with
0 < k < 1 we have q = q+S = −N/(k − 1) and Q+M = ∅, which satisfy proposition 3.2. We
conclude that there only exists a GR limit when N > 0 and 0 < k < 1.
3.3.2 First derivative screening: k-mouflage
To implement a screening mechanism via first derivatives of the scalar field we set the coupling
strength parameter α = αK . Referring to Appendix A.2 we find the α-dependence of the
EFT functions to be U, a2, Z ∼ α1 and b1 ∼ α0. Furthermore, we also assume here that these
functions and their derivatives do not vanish at φ0. For clarity we extract the α-dependence
from the reconstructed functions so that, for example U(φ) = α U¯(φ), to obtain the following
Horndeski functions: G4 = φ and G3 = −2α0b1(φ)X. For G2(φ,X) we use the freedom to
add a correction term of the form
∆G2 = αM
2
p U¯(φ)
(
1 +
X
M4p
)3
, (3.31)
where the α-dependence was made explicit. This correction term has been chosen to cancel
the potential in G2(φ,X), avoiding a divergence in the limit α→∞ because of its dependence
on α. We can now expand the function G2 and we obtain
G2(φ,X) =α
(− 6M2p U¯(φ) +M6p Z¯(φ)) XM4p
+ α
(
4M8p a¯2(φ) + 6M
2
p U¯(φ)
)( X
M4p
)2
− 8αM2p U¯(φ)
(
X
M4p
)3
. (3.32)
Using the definitions in Eq. (3.13) and Eq. (3.17) we find the sets
QM =
{
0,
−1
2
,
−1
4
,
−1
6
}
and Q¯S =
{
0,
−1
1
,
−1
3
,
−1
5
}
. (3.33)
Following the procedure described in Sec. 3.2.1, we have q = qS = −1/1 from qM = −1/2
and we recover GR in the screened region.
3.3.3 Second derivative screening: Vainshtein mechanism
Finally, we implement a screening mechanism via second derivatives by taking the coupling
parameter to be α = αB [63]. Referring to Appendix A.2 the functions in the reconstructed
Horndeski theory are found to be of order U, a2, Z, b1 ∼ α1. Furthermore, we also assume
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here that these functions and their derivatives do not cancel at φ0. Once again, we extract
the α-dependence of the EFT functions and we get the Horndeski functions: G4 = φ and
G3 = αb¯1(φ)X. We cancel the leading and linear orders in X of G2 with the correction term
∆G2 =− αM6p Z¯(φ)
{(
1− 2 X
M4p
)4 − (1− 2 X
M4p
)3}
+ αM2p U¯(φ)
{
2
(
1− 2 X
M4p
)3 − (1− 2 X
M4p
)6}
. (3.34)
Once expanded, the function G2 is given by
G2(φ,X) = α
(
4M8p a¯2 − 12M6p Z¯ − 36M2p U¯
)( X
M4p
)2
+ α
(
24M6p Z¯ + 144M
2
p U¯
)( X
M4p
)3
+ α
(− 16M6p Z¯ − 240M2p U¯)( XM4p
)4
+ 192αM2p U¯
(
X
M4p
)5
− 64αM2p U¯
(
X
M4p
)6
.
(3.35)
From this expression we see that p(i)mk = 1 and µ
(i)
mk = µ
(i)
1,mk = µ
(i)
2,mk = 0, ∀ m, k, i. Using the
definition in Eq. (3.13) we find the set
QM =
{
0,
−1
4
,
−1
6
,
−1
8
,
−1
10
,
−1
12
,
−1
3
}
, (3.36)
where the element −1/3 comes from G3(φ,X). Following the procedure described in Sec. 3.2.1
for derivative screening, we have q = qS = −1/2 from qM = −1/3 and we therefore recover
GR in the screened region.
4 Connecting PPN and EFT via reconstructed Horndeski models
We have now shown how to implement various screening mechanisms in Horndeski theories
reconstructed from the cosmological EFT of dark energy at lowest order in the scaling param-
eter α. This GR limit is required in order to satisfy the numerous astrophysical constraints
from Solar System tests and pulsar timing observations [2, 6]. However, in order to describe
corrections to the Einstein field equations we need to derive the metric field equations at
next-to-leading order in α. We will now address how this is done for reconstructed Horndeski
theories with cT = 1.
In order to exploit the wealth of tests of GR on astrophysical scales we wish to connect
our framework to the PPN formalism. For this purpose, we can use the corrected metric field
equations to derive the corresponding set of PPN parameters of the reconstructed Horndeski
models. To this end, we follow the method of Ref. [39] where the PN expansion was derived
for cubic Galileon and chameleon models. Note that we assume that the power of the scaling
parameter q has been found with the method in Sec. 3 and therefore each theory exhibits a
screening mechanism.
We organise this section as follows. In Sec. 4.1 we expand the field equations in terms
of the scaling parameter α. In Sec. 4.2 we then derive the PN expansion of the metric field
equations. Finally, in Sec. 4.3 we compare our PN expansion to the PPN formalism of Ref. [5]
to derive the PPN parameters and the effective gravitational constant for reconstructed Horn-
deski theories. The provides a connection between the cosmological EFT of dark energy and
modified gravity and the PPN formalism within the framework of Horndeski gravity.
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4.1 Expansion in the scaling parameter
We shall first provide the lowest-order screening correction in Sec. 4.1.1 and then the next-
to-leading order correction in Sec. 4.1.2.
4.1.1 Lowest-order screening correction
Recall that in order to find the field equations in the screened region the first step is to expand
the scalar field as φ → φ0(1 + αqψ). Since we only consider theories which reduce to GR in
the screening limit, at order α0 the metric field equations must correspond to GR,
φ0R
(0)
µν = 8piG
(
T (0)µν −
1
2
T (0)g(0)µν
)
, (4.1)
where the index (0) represents the screening order of the metric gµν → α0g(0)µν .
It is not as straightforward to find the scalar field equation at lowest order. In contrast to
the metric field equations, the leading order in the scalar field equation is αq with several terms
surviving in the screening limit. These surviving terms depend on the particular screening
mechanism and a priori there is no method to identify them in general. However, there are
still few simplifications we can make. Examining Eq. (2.3) we know from the restrictions for
the metric field equations that G4 → φ0 and
∑
R(i) → 0. Therefore we only need consider
the term multiplying G4 on the left-hand side of Eq. (2.3). Since we cannot guess which
terms will survive in the screening limit we include a delta-function δ : R→ {0, 1}, such that
δ(0) = 1 and zero otherwise, in front of each term. These δ-functions will vanish when the
power of α differs from the required order αq. In this manner, a general expression for the
scalar field equation at lowest order in the screening correction can be written as
−8piGT
φ0
=
∑
(m,k)
(
2G
(3)
mkφδ((2m+ 1 + µ
(3)
1,mk)q + p
(3)
mk)−G(2)mkXδ((2m− 1 + µ(2)mk)q + p(2)mk)
)
φ
+
∑
(m,k)
(
G
(2)
mkφXδ((2m+ µ
(2)
1,mk)q + p
(2)
mk)−G(3)mkφφδ((2m+ 2 + µ(3)2,mk)q + p(3)mk)
)
2X
+
∑
(m,k)
(
2G
(3)
mkφXδ((2m+ 1 + µ
(3)
1,mk)q + p
(3)
mk)−G(2)mkXXδ((2m− 1 + µ(2)mk)q + p(2)mk)
)
×∇µX∇µφ−
∑
(m,k)
G
(2)
mkφδ((2m+ µ
(2)
1,mk)q + p
(2)
mk)
−
∑
(m,k)
2G
(3)
mkφXδ((2m+ 1 + µ
(3)
1,mk)q + p
(3)
mk)Xφ
+
∑
(m,k)
G
(3)
mkXXδ((2m+ µ
(3)
mk)q + p
(3)
mk)
(
φ∇µφ∇µX +∇µX∇µX
)
+
∑
(m,k)
G
(3)
mkXδ((2m+ µ
(3)
mk)q + p
(3)
mk)
(
(φ)2 −∇µ∇νφ∇µ∇νφ
)
, (4.2)
where we kept implicit the screening order index (0) of the metric for simplicity and each sum
runs over I(j) (see Sec. 3.1). We also defined
G
(j)
mk = G
(j)
mk(φ,X) :=
(
X
M4p
)m
ζ
(j)
mk(φ) (4.3)
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to simplify the notation. Written this way Eq. (4.2) appears rather cumbersome, though most
of the delta-functions will vanish for a particular theory. Eq. (4.2) governs the behaviour of
the scalar field perturbation in the screened region at order αq. Our goal is now to find the
next-to-leading order metric field equations describing the correction terms to the metric.
4.1.2 Next-to-leading order screening correction of the metric field equations
We will eventually demonstrate that the order of the field equations corresponding to first
order corrections to the metric is αq. For now, we expand the metric in terms of some as yet
unknown order αp
gµν = g
(0)
µν + α
pg(p)µν , (4.4)
where g(0)µν is the background field satisfying the Einstein field equations and αpg
(p)
µν is the
correction term.
Our ultimate aim is to derive the field equations governing the behaviour of g(p)µν . To this
end one must initially determine the power p of the α-order of the correction term. Here we
demonstrate how to derive p in the case of derivative screening with α→∞, though note that
by interchanging min{} ↔ max{} and the inequalities < ↔ > the following derivation can
be applied to large field value screening with α→ 0. Taking the metric field equations (2.2)
we expand the scalar field and the metric as φ → φ0(1 + αqψ) and gµν → g(0)µν + αpg(p)µν
respectively. The terms generated by the background metric g(0)µν are of order α0 and αk,
where k ∈ M and M are defined in Eq. (3.10). Hence the terms generated by g(p)µν are of
order αp and αp+k. As the elements ofM are negative, the slowest converging power inM
in the limit α → ∞ is maxM. In addition, there is only one term that is strictly of order
αp, namely αpφ0R
(p)
µν . Therefore p must correspond to maxM to ensure the field equations
are consistent in the screening limit so that p = maxM. Let’s now find the relation between
maxM and q. Recall the elements ofM take the form al+blq where l runs over the elements
ofM and q is the smallest element of QS . From the definition of QM in Eq. (3.13) and QS
in Eq. (3.17) we have that −al/bl ∈ QM and −al/(bl − 1) ∈ QS . If we define q = −a/(b− 1),
we have that −al/(bl − 1) ≥ −a/(b − 1), ∀ l, since q is the smallest element of QS . Using
these relations we determine that any element ofM satisfies
al + blq =
al(bl − 1)
bl − 1 −
bla
b− 1 ≤
a(bl − 1)
b− 1 −
bla
b− 1 = q , (4.5)
and since q ∈M we can conclude that
p = maxM = q . (4.6)
This result also holds for the screening limit α → 0. Even though Eq. (4.6) appears trivial,
it will have implications when proceeding with the PN expansion. In particular, it implies
the PPN parameter γ and the effective gravitational constant will have the same form in any
theory with a screening mechanism described by the scaling method.
We shall now write the metric field equations satisfied by the metric correction term
g
(q)
µν . As with the scalar field equation we do not know a priori which terms in the metric
field equations (2.2) are of order q. Consequently, we also need to include δ-functions. Since
m ∈M =⇒ m < 0, each term of the form m+ q is of a smaller order than q and thus does
not contribute. Additionally, any terms of the form 2q, 3q and so on are also of a smaller
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order than q and are discarded. One can then write the general metric field equations at
order q as
R(q)µν =
8piGT (q)µν
φ0
− ψR(0)µν +∇(0)µ ∇(0)ν ψ +
1
2
g(0)µν(0)ψ
+
1
2
∑
(m,k)
G
(2)(0)
mkX δ((2m+ µ
(2)
mk − 1)q + p(2)mk)∇(0)µ φ∇(0)ν ψ
+
1
2φ0
∑
(m,k)
(m− 1)G(2)(0)mk δ((2m+ µ(2)mk − 1)q + p(2)mk)g(0)µν
− 1
2
∑
(m,k)
G
(3)(0)
mkX δ((2m+ µ
(3)
mk)q + p
(3)
mk)×
×
(
(0)φ∇(0)µ ∇(0)ν ψ + 2∇(0)(µ X(0)∇
(0)
ν) ψ + g
(0)
µνX
(0)(0)ψ
)
−
∑
(m,k)
G
(3)(0)
mkφ δ((2m+ 1 + µ
(3)
1,mk)q + p
(3)
mk)∇(0)µ φ∇(0)ν ψ . (4.7)
As before, Eq. (4.7) simplifies for particular examples. Note that we have also used the
relation ∇µφ = φ0∇µψ to simplify the notation where possible.
Eq. (4.7) describes the behaviour of the correction term g(q)µν . We will need to expand
this term to PN order in order to compare it with the PPN metric (2.24). Note that in
the opposite limit α → 0 Eqs. (4.2) and (4.7) are the same, where in this case q > 0 and
q = minM.
4.2 Post-Newtonian expansion of the metric field equations
Having obtained the metric field equations at order α0 and αq in Eqs. (4.1) and (4.7) respec-
tively, we shall now derive the PN solutions for g(0)µν and g
(q)
µν . Note that the PN expansion
is independent of whether the limit α → 0 or α → ∞ is taken. Before commencing we shall
define some useful notation. Since we are dealing with two distinct expansions in α and in
v ∼ (GM/R)1/2, we denote the orders of these expansions as αq ∼ Oα(q) and vi ∼ OPN (i)
respectively. Moreover, the α-order of the scalar perturbation ψ is Oα(q) and we write
its PN order as ψ(i) ∼ OPN (i). Similarly, the order of the metric perturbation is written
g
(q)
µν = h
(q,k)
µν ∼ OPN (k).
4.2.1 Lowest-order PN expansion
As g(0)µν is of order Oα(0) and satisfies the Einstein field equations, we can directly use the
result in Ref. [5] to find the PN expansion of the metric. At lowest order in the PN expansion,
the scalar and metric perturbations are of the form ψ = ψ(i) and g(q)µν = h
(q,k)
µν , where i and
k are a priori independent. Given that the following gauge fixing conditions of scalar-tensor
theories [39]
gµi,µ −
1
2
gµµ,i = ψ,i , (4.8a)
gµ0,µ −
1
2
gµµ,0 = ψ,0 −
1
2
g00,0 , (4.8b)
need to be satisfied at each order in α and v we conclude that k = i =⇒ g(q)µν , ψ ∼ OPN (i) at
lowest order in v. We may also infer this result by examining the first line of the metric field
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equations (4.7). To obtain the PN order i of the scalar field perturbation ψ(i) we first express
Eq. (4.2) in terms of ψ(i). Combining the requirement that the PN order must be equal on
the left-hand side and right-hand side with the fact that the lowest PN order of each term is
T = −ρ ∼ OPN (2) [5], g(0)µν = ηµν and ψ = ψ(i), we can derive the PN order i. In general this
procedure is rather involved but substantially simplifies for specific examples such as that
presented in Appendix C. Before continuing note that if the fourth line of Eq. (4.2) has a
non-vanishing term with Xm and m = 0, then the right-hand side contains a constant term of
PN order OPN (0). Since T is of order OPN (2) this would lead to a contradiction. However,
this is only the case when the Horndeski action contains a potential term of the form (φ−φ0).
As we have seen in the example of Sec. 3.3.1, such a term alone cannot lead to screening but
it would survive in the screening limit since it is proportional to αq. In what follows, we
do not consider theories with such a potential term. We assume the matter content to be a
perfect fluid, which implies the stress-energy tensor at OPN (4) is given by [39]
T00 =ρ(1 + Π + v
2 − h(0,2)00 ) , (4.9)
T0i =− ρvi , (4.10)
Tij =ρv
ivj + pδij . (4.11)
Using the virial relation and the Poisson equation one finds that ρ ∼ OPN (2) and p ∼ OPN (4),
where ρ is the matter density of the fluid, p is the pressure and Π ∼ OPN (2) is any energy
density in the fluid other than ρ.
We are now ready to proceed with the PN expansion of the perturbed metric field
equations (4.7). To begin, note that R(q)µν = R
(q,i)
µν implying we only retain terms of order
OPN (i) on the right-hand side of Eq. (4.7). Additionally, at lowest PN order we have that
R
(q,i)
00 = −12∇2h
(q,i)
00 [79] where ∇2 is the three-dimensional Laplacian operator. Thus we can
write the 00-component of Eq. (4.7) at order OPN (i) as
∇2h(q,i)00 = ∇2ψ(i) . (4.12)
Eq. (4.12) can be trivially solved to yield
h
(q,i)
00 = ψ
(i) . (4.13)
We then proceed in a similar manner for h(q,i)ij finding that
h
(q,i)
ij = −ψ(i)δij . (4.14)
The simple form of Eq. (4.12) comes from the result p = q in Eq. (4.6). In the absence of this
equality there would be additional δ-functions of the form δ(p− q).
There is a consistency issue in our PN formalism in that the PN order of the correction
term h(q,i)00 ∼ OPN (i) generally does not match the usual PN orders of the 00-component of
the metric, namely OPN (0), OPN (2) and OPN (4). However, the full correction term includes
a contribution from the coupling parameter given by αqh(q,i)00 . In order for the correction term
to have an allowed PN order the coupling parameter α must itself possess a PN order. Since
the metric should be Minkowski at order OPN (0), α should be of order OPN
(
(2− i)/q) for
the correction term to be of order OPN (2). This is a reasonable assumption as it was shown
to be the case for Galileon interactions in Ref. [40].
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4.2.2 Higher-order PN expansion for the 00-component
Ultimately, our primary interest is to calculate the PPN parameters γ and β for which we
only need the PN expansion of g00 and gij . We can therefore omit the calculation of the PN
expansion of g0i and derive g00 at higher order, noting that gij is already at PN order. At
the next PN order l the 00-component of the metric becomes g(q)00 = h
(q,i)
00 +h
(q,l)
00 and we keep
the scalar field at order OPN (i) as in Ref. [5]. By analysing the metric field equations (4.7)
we see that terms of the form ∇µ∇νψ or ψ give rise to expressions of order OPN (i + 2),
such as ∂20ψ, implying the next PN order is l = i + 2. This is consistent with the usual PN
expansion, since the PN order increases by two for each order in the PPN formalism. Now
that we know the PN order of Eq. (4.7) we perform the PN expansion, keeping terms of order
OPN (2 + i) on the right-hand side. This leads to
∇2h(q,i+2)00 =− ∂20ψ − h(0,2)00 ∇2ψ +
16piGρ
φ0
h
(q,i)
00 − ψ∇2h(0,2)00
+ ψ,jh
(0,2)
00,j − 2h(q,i)00,j h(0,2)00,j + h(0,2)jk h(q,i)00,jk + h(q,i)jk h(0,2)00,jk
+
∑
(m,k)∈I(2)
Ψ
(2)
mkδ((2m+ µ
(2)
mk − 1)q + p(2)mk)δ((2m− 1 + µ(2)mk)i− 2)
−
∑
(m,k)∈I(3)
Ψ
(3)
mk∇2ψδ((2m+ µ(3)mk)q + p(3)mk)δ((2m+ µ(3)mk)i− 2) , (4.15)
where we defined
Ψ
(2)
mk =
m− 1
2
(
φ0∇ψ
M2p
)2m
f
(2)
mk(φ0)
φ
1−µ(2)mk
0
ψµ
(2)
mk , (4.16)
Ψ
(3)
mk = m
(
φ0∇ψ
M2p
)2m
f
(3)
mk(φ0)φ
µ
(3)
mk
0 ψ
µ
(3)
mk , (4.17)
and f (j)mk(φ) is defined in Eq. (3.5). We also used the gauge conditions in Eqs. (4.8) and the
Ricci tensor at order OPN (i+ 2) [79]
R
(q,i+2)
00 = −
1
2
(
∇2h(q,i+2)00 − 2ψ,00 − ψ,jh(0,2)00,j + 2h(q,i)00,j h(0,2)00,j − h(0,2)ij h(q,i)00,jk − h(q,i)ij h(0,2)00,jk
)
.
(4.18)
Eq. (4.15) can again be solved using an inverse Laplacian yielding [39]
h
(q,i+2)
00 = Φ˜1 − 3Aψ − Bψ + 6
G
φ0
Φ˜2 + ΦSc
:= ΦBD + ΦSc , (4.19)
where ΦSc, the inverse Laplacian of the final two lines of Eq. (4.15), is called the screening
potential and the inverse Laplacian of the other terms are collected in the potential ΦBD.
They are defined in Appendix A.4 and calculated in Ref. [39]. For completeness we shall
write the partial differential equation (PDE) which one solves for the screening potential. In
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Eq. (4.15), we can see that the final two terms contain two δ-functions each, one depending
on the α-order q and the other one on the PN order i. In the case where a single term drives
the screening mechanism such that q only satisfies one δ-function in Eq. (4.15), the δ-function
depending on the PN order i will also be satisfied for this particular term. This comes from
the fact that, for the surviving term with indices (m¯, k¯), we can relate both orders i and q with
the relation i = −2q/pm¯,k¯. Since we will only consider cases where one term is responsible
for screening this leads to the PDE
∇2ΦSc =
∑
(m,k)∈I(2)
Ψ
(2)
mkδ((2m+ µ
(2)
mk − 1)q + p(2)mk)
−
∑
(m,k)∈I(3)
Ψ
(3)
mk∇2ψ(i)δ((2m+ µ(3)mk)q + p(3)mk) . (4.20)
If more than one term contributes to the screening mechanism, but they all have the same
parameter pmk, Eq. (4.20) is also valid. However, if they do not have the same pmk one has
to pay attention to the PN order i and add the other δ-function that depends on i.
4.3 Mapping to the PPN parameters
Finally, we can now derive the PPN parameters for Horndeski theories reconstructed from
the cosmological effective field theory of dark energy and modified gravity in their screened
regime. By virtue of the fact that the PPN parameters γ and the effective gravitational
constant Geff are derived from the metric field equations at lowest PN order, we begin by
deriving their form from Eqs. (4.12) and (4.14). With the usual PN expansion of GR [5] up
to OPN (2) this gives
g00 ≈ −1 + 2G
φ0
ΦN + α
qψ , (4.21)
gij ≈ δij
(
1 +
2G
φ0
ΦN − αqψ
)
, (4.22)
where we recall ΦN = ΦN (x) is the Newtonian potential defined in Eq. (A.25) sourced from
h
(0,2)
00 . Comparing our results to the PPN metric at OPN (2) [5]
g00 ≈ −1 + 2GeffΦN , (4.23)
gij ≈ δij(1 + 2γGeffΦN ) , (4.24)
leads to the following solution for Geff and γ
Geff := G
(0) +G(q) =
G
φ0
+
αqψ
2ΦN
, (4.25)
γ := γ(0) + γ(q) = 1− α
qψ
GeffΦN
. (4.26)
We now consider the PPN parameter β for which it is necessary to examine the next order
in the PN expansion. Following the same method used to derive Geff and γ, β is obtained
by comparing the metric solution in Eq. (4.15) to the standard PPN metric. We further
normalise the value of the effective gravitational constant such that Geff = 1. Using the PN
expansion of GR we can express g00 up to PN order OPN (4) as
g00 ≈− 1 + 2ΦN − 2G(0)2Φ2N + 4G(0)Φ1 − 2G(0)
2
Φ2 + 2G
(0)Φ3 + 6G
(0)Φ4
+ αq (ΦBD + ΦSc) , (4.27)
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where the PN potentials Φi are defined in Eq. (A.25). Comparing our result to the standard
PPN metric gives
g00 ≈− 1 + 2ΦN − 2βΦ2N + (2γ + 2)Φ1
+ 2(−2β + 1)Φ2 + 2Φ3 + 6γΦ4 , (4.28)
where the other PPN parameters are set to zero. A comparison between Eq. (4.27) and
Eq. (4.28) yields β to be
β :=β(0) + β(q)
=1 + αq
[
4Φ2N
(
2Φ2 + Φ
2
N
)]−1 [
αqψ2
(
Φ2 + Φ
2
N − 6Φ4
)
−ΦNψ
(
Φ1 + 4Φ2 − 2Φ3 − 6Φ4 + 4Φ2N
)
− 2Φ2N (ΦBD + ΦSc)
]
. (4.29)
Note that in this framework the PPN parameters depend on the position and time of the
objects subjected to a gravitational field. This is to be expected, as to implement a successful
screening mechanism the scalar field must vary with distance or density. As a result, the
PPN parameters must also vary as they are influenced by the scalar field. A further feature
of this framework is its universality. Recall that in the development of the PPN formalism
for reconstructed theories the results are independent of whether the limit ψ  α or ψ  α
is taken. The only differences arise in the scalar field equation for ψ and the form of the
screening potential ΦSc.
5 Conclusions
Substantial and complementary efforts are being made to perform precise tests of GR on
astrophysical and cosmological scales. Due to the sheer size of the gravitational model space
it is of great importance that generalised and efficient techniques are developed that enable
effective discrimination between competing theories with the observational data. In order to
avoid bias towards certain models, many generic parameterisations have been devised which
enable one to study the physical implications of a large class of models without restricting to
a particular theory. For example, in cosmology the EFT of dark energy and modified gravity
is widely used to study the dynamics of the cosmological background and perturbations in
a generic manner. On astrophysical scales, the PPN formalism provides an effective tool for
model-independent tests of GR. It is indeed important to study the observational implications
of the model space across a wide range of length scales. This point was emphasised for
example in Ref. [63], where it was demonstrated that Horndeski scalar-tensor theories cannot
exhaustively be distinguished from ΛCDM up to arbitrary finite n-th order in the cosmological
perturbations. Astrophysical constraints are therefore needed to complement cosmological
constraints and vice-versa. Upcoming cosmological surveys such as Euclid and LSST will
place new constraints on the EFT parameter space. Through the reconstruction method of
Refs. [70, 71] it will furthermore be possible to directly place general cosmological constraints
on the form of the Horndeski functions themselves. Particularly strong and general bounds
on deviations from GR have been placed on astrophysical scales with tight constraints on the
PPN parameters. For example, pulsar observations have recently proved to be particularly
effective at imposing bounds on the PPN parameters. New experiments, such as the FAST
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or SKA radio telescopes, are set to detect new pulsar system which will further tighten these
constraints. New Solar System experiments are also expected to refine the PPN bounds.
Among the most popular extensions to GR are scalar-tensor theories which introduce
an additional scalar degree of freedom in the Einstein-Hilbert action that modifies the gravi-
tational dynamics. Their linear cosmological behaviour is completely described by the EFT
of dark energy, but their PPN description has not yet been fully developed. This is predom-
inantly due to the complexity arising from nonlinear screening mechanisms that are active
on astrophysical scales. These are an essential component of scalar-tensor theories, allow-
ing significant modifications of GR at cosmological scales while still enabling them to satisfy
stringent local constraints. Developing the PPN formalism for Horndeski theories is therefore
an important goal of current research. For a comprehensive interpretation of observational
constraints, one furthermore wishes to connect the cosmological and astrophysical formalisms
and link the bounds inferred from the data in each regime.
In this paper, we developed the PPN formalism for Horndeski theories restricted to a
luminal speed of gravitational waves and, as proposed in Ref. [34], we used the reconstruction
of Horndeski models from the EFT of dark energy to establish a connection between these
cosmological and astrophysical parameterisation frameworks. The primary aim was to derive
the corresponding PPN parameters. Thereby we placed a particular emphasis on the general
incorporation of screening mechanisms. Owing to their inherently nonlinear nature they can
be problematic when proceeding with the PN expansion as its linearisation renders screening
ineffective. To tackle this, we employed the scaling method of Ref. [72] to first isolate the
effective equations of motion in the screened region, which then allowed the effects of the scalar
field to be quantified in the PN approximation. To this end, in Sec. 3 we applied the scaling
method to ensure that the Einstein field equations are recovered in the screened regions of
the reconstructed Horndeski theories either through derivative or large field value screening.
This led to a number of conditions on the powers of the scaling parameter that must be
satisfied in order for a model to recover GR. Once the dependence of the perturbations on the
scaling parameter was identified, we could proceed with the expansion of the field equations
in the parameter α. As expected from screening, the models were found to recover GR at
order α0. We then identified the corrections to the Einstein field equations as well as the
behaviour of the scalar perturbation at order αq. In Sec. 4 we performed the PN expansion of
the field equations at different orders in the scaling parameter to obtain the PN corrections.
Using these corrections we derived an expression for the effective gravitational constant as
well as the PPN parameters γ and β by direct comparison with the PPN metric. Interestingly,
despite the fact that the scaling method depends on the screening mechanism, the form of
the PPN parameters is universal. Only the field equation for the scalar perturbation and the
screening potential ΦSc are theory dependent.
A natural extension of this work is the application of our formalism to a range of popu-
lar scalar-tensor theories. In particular, our framework allows one to translate the numerous
experimental constraints on the PPN parameters into bounds on the scaling parameter α,
given a normalisation of the scalar field background φ0, which can then be mapped into con-
straints on specific model parameters. In Appendix C we provide a preliminary example of
how this can be accomplished. Under various assumptions, we use a recent upper bound on
the Nordtvedt parameter, a linear combination of the PPN parameters [81] inferred from a
pulsar triple system to constrain a cubic Galileon and a f(R) gravity model. However, we
emphasise that a thorough analysis of the assumptions and the potential of such constraints
will be the subject of future work. Another objective of future work will be an analysis of
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how constraints placed on the PPN parameters translate into constraints on the EFT pa-
rameters at different orders in the EFT expansion or vice versa. As one can implement any
type of screening mechanism while keeping the EFT functions unchanged, translating PPN
constraints to the EFT parameters is nontrivial. Finally, in Appendix B we demonstrate
how the scaling approach can alternatively be performed at the level of the action instead
of at the level of the field equations. In future applications this may significantly simplify
the procedure of determining whether a theory possesses an Einstein gravity limit, as well as
identify the terms in the action that govern the screening effect. In principle, this will allow
one to directly read off the profile of the gravitational modifications in a given matter distri-
bution from the action or conversely, determine an action for a desired profile. A systematic
combination of observational constraints from astrophysical and cosmological scales in a near
model-independent manner is undoubtedly a challenging undertaking, but we are hopeful that
the further development of our framework will significantly contribute to enabling progress
towards this aim.
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A Useful relations
For completeness and convenience to the reader we provide a summary of relations used in
our derivations in Secs. 2–4.
A.1 Field equations for Horndeski theories with cT = 1
We write the trace-reversed metric and scalar field equations with the help of Refs. [67, 72].
The metric field equations can be written as
G4(φ)Rµν = −
4∑
i=2
R(i)µν +
(
Tµν − 1
2
gµνT
)
/M2p , (A.1)
and the scalar field equation is given by
G4(φ)
4∑
i=2
(∇µJ (i)µ − P (i)φ ) +G4φ
4∑
i=2
R(i) = − T
M2p
G4φ , (A.2)
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where
P
(2)
φ :=G2φ , (A.3)
P
(3)
φ :=∇µG3φ∇µφ , (A.4)
P
(4)
φ :=G4φR , (A.5)
J (2)µ :=−G2X∇µφ , (A.6)
J (3)µ :=G3Xφ∇µφ−G3X∇µX − 2G3φ∇µφ , (A.7)
R(2)µν :=−
1
2
G2X∇µφ∇νφ− 1
2
gµν (XG2X −G2) , (A.8)
R(3)µν :=G3X
(
1
2
φ∇µφ∇νφ+∇(µX∇ν)φ+
1
2
gµνXφ
)
+G3φ∇µφ∇νφ , (A.9)
R(4)µν :=−G4φ
(
∇µ∇νφ+ 1
2
gµνφ
)
. (A.10)
A.2 Reconstructed Horndeski functions using {αM , αB, αK , αT }
For completeness we write the set of functions
{
Ω,Λ,Γ,M42 , M¯
3
1 , M¯
2
2
}
with respect to the set
{αM , αB, αK , αT } using [70] (also see Refs. [63, 71, 82]):
Ω =
M2
M2∗
c2T , (A.11)
Γ = − ρm
M2∗
− M
2
M2∗
β , (A.12)
Λ =
M2
M2∗
[
3H2c2T (1 + αM ) + β + 3Hα˙T
]
, (A.13)
M42 =
1
4
ρm +
M2
4
[
H2αK + β
]
, (A.14)
M¯31 = M
2
[
HαMc
2
T + α˙T − 2HαB
]
, (A.15)
M¯22 = −
1
2
M2αT , (A.16)
where c2T = 1 + αT and
β(t) ≡ c2T
[
2H˙ +Hα˙M + αM
(
H˙ −H2 +H2αM
)]
+Hα˙T (2αM − 1) + α¨T . (A.17)
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Furthermore, we also write the functions ξ(i)n (φ) as in Table 2 with respect the the set of
functions {αM , αB, αK}, where we set αT = 0 and G4 = tM2∗ :
ξ
(2)
0 (t) =−
M2∗
2
[
2t
(
3 + 2αM (t) + αM (t)
2
)
H(t)2
+H(t)
(
2M2∗αB(t)−M2∗αM (t) + t
(
4 + 2M2∗ α˙B(t)−M2∗ α˙M (t)
))
+t
(
2M2∗αB(t)−
(
−2 +M2∗
)
αM (t) + 2α˙M (t)
)
H˙(t)
]
, (A.18)
ξ
(2)
1 (t) =
1
2
[
M2∗ t
(
−6αB(t) + αM (t)
(
2 + αM (t)
))
H(t)2 + ρm(t)
+H(t)
(
2M4∗αB(t)−M4∗αM (t) +M2∗ t
(
2 + 2M2∗ α˙B(t)−M2∗ α˙M (t)
))
+M2∗ t
(
2M2∗αB(t) + αM (t)−M2∗αM (t) + α˙M (t)
)
H˙(t)
]
, (A.19)
ξ
(2)
2 (t) =
1
8
[
M2∗ t
(
6αB(t) + αK(t) +
(−4 + αM (t))αM (t))H(t)2 + ρm(t)
+H(t)
(
−2M4∗αB(t) +M4∗αM (t) +M2∗ t
(
2− 2M2∗ α˙B(t) +M2∗ α˙M (t)
))
+M2∗ t
(
−2M2∗αB(t) +
(
1 +M2∗
)
αM (t) + α˙M (t)
)
H˙(t)
]
, (A.20)
ξ
(3)
0 (t) =−
t
2
(−2αB(t) + αM (t))H(t) , (A.21)
ξ
(3)
1 (t) =
t
2
(−2αB(t) + αM (t))H(t) , (A.22)
ξ
(4)
0 (t) =M
2
∗ t , (A.23)
ξ
(4)
1 (t) =0 . (A.24)
A.3 Unscreened limit
As explained in Ref. [72] it is also possible to recover the equations of motion of a scalar-
tensor theory in the unscreened limit using the scaling method. We again distinguish between
the different classes of screening mechanisms. In large field value screening the screening
mechanism is caused by a modification of the background value of the scalar field in a high-
density region, translated into α  ψ and non-zero multiplicities. However, in derivative
screening the mechanism is driven by a large coupling parameter, translated into α  ψ
in our method. This difference impacts the method of finding the unscreened regime of a
reconstructed theory.
We first consider derivative screening. In the unscreened regime the coupling parameter
should be small compared to the scalar field so we consider α → 0 as our unscreened limit.
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Other than taking the different limit, the method is equivalent to Sec. 3.2.1. As the set QM
in Eq. (3.13) is independent of the limit we consider we take it as the set of possible values
for q. However, in this case we require its maximum value to avoid divergences in the metric
field equation, namely q = 0. Furthermore, taking QS as in Eq. (3.17), the only values for q
allowed by the scalar field equation are also zero or negative. We are therefore left with the
unique choice q = 0 ⇐⇒ 0 ∈ QS . Note that with this choice we do not recover the Einstein
equation in the unscreened region as expected. To summarise, we expand the scalar field as
φ = φ0(1 + ψ), take the limit α→ 0 and check that the scalar field equation is consistent in
this limit.
When studying the chameleon mechanism in Sec. 3.3.1 or more explicitly in Ref. [72],
one realises that it is the value of the background field φ0 that has an impact on the screening
mechanism. The background value of the field varies between the screened and the unscreened
regions, φ0 ↔ φ∗0 respectively. In this method, it will be translated in a change of multiplicity
for the functions ζ(i)mk(φ). Indeed as we saw in Sec. 3.2.2 when considering the screening limit
α → 0, some of the multiplicities have to be non-zero at the background value φ0 in order
to recover the Einstein field equations. However in the unscreened region, the background
value of the field changes from φ0 to φ∗0 and the ζ-functions have zero multiplicities for φ∗0.
Now if one performs the scaling method for the limit α→∞, one would find that we either
recover the Einstein field equations or we have a divergence in the field equations, following the
method for derivative screening. Therefore, this cannot be the unscreened limit for chameleon
theories. If one considers the second limit α → 0 as our unscreened regime, one finds that
the unique value for q is zero, as in the derivative screening case. Thus, we can summarize
the method as follows: to find the unscreened regime, we apply the scalar field expansion
φ = φ∗0(1 + ψ) and then we take the limit α→ 0.
A.4 Newtonian potentials for the PPN formalism
Finally, we specify the Newtonian potentials of the PPN formalism given in Ref. [5] as well
as the potentials depending on the scalar field as written in Ref. [39]:
ΦN :=
∫
ρ′
|x− x′|d
3x′ , Φ˜(p,q+2)1 := −
1
4pi
∫
ψ′(p,q)v′2
|x− x′|3 d
3x′ ,
Φ1 :=
∫
ρ′v′2
|x− x′|d
3x′, Φ˜(p,q+2)2 :=
∫
ρ′ψ′(i)
|x− x′|d
3x′ , (A.25)
Φ2 :=
∫
ρ′U ′
|x− x′|d
3x′ , A(p,q+2)ψ := −
1
4pi
∫
ψ′(i)[v′ · (x− x′)]2
|x− x′|5 d
3x′ ,
Φ3 :=
∫
ρ′Π′
|x− x′|d
3x′, B(p,q+2)ψ := −
1
4pi
∫
ψ′(i)[a′ · (x− x′)]
|x− x′|3 d
3x′ ,
Φ4 :=
∫
p′
|x− x′|d
3x′ .
Some of these potentials can be found using the ordinary differential equations (ODEs) they
satisfy. One can recover the ODEs with the rule
Φ =
∫
f(x′)
|x− x′|d
3x′ =⇒ ∆Φ = −4pif(x) . (A.26)
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B Scaling method at the level of the action
Up to this point we have been applying the scaling method at the level of the field equations.
One might expect however that it is possible to apply similar techniques directly at the
level of the action. We briefly outline how this can be done by applying it to the same
cubic Galileon and chameleon models discussed in Ref. [72]. Such a method could perhaps
also allow an effective description of screening mechanisms constructed in a similar manner to
EFT. It would for instance allow to directly read off the radial dependence of the gravitational
modification in the screened regime from a given action and matter distribution [83] that could
be used in N -body simulations [84].
Starting from the action of a cubic Galileon,
S[φ, g] =
M2p
2
∫
d4x
√−g
(
φR+
2ω
φ
X − α X
4φ3
φ
)
, (B.1)
we expand the scalar field into a background field and a perturbation as φ = φ0(1 + αqψ)
resulting in
S =
M2pφ0
2
∫
d4x
√−g
(
R+ αqψR+ 2ωα2qX˜ − α1+3q X˜
4φ0
ψ
)
, (B.2)
where X˜ is the kinetic term of the scalar perturbation ψ. In order to recover GR in the
screened limit α → ∞ we require that all terms other than the Ricci scalar R vanish. Ex-
amining the action in Eq. (B.2) we see that this condition is satisfied for q < −1/3. The
behaviour of the scalar field perturbation is described by the action at the order αq. Since
the scalar field should be sourced by the energy-momentum tensor, the term αqψR should be
included in the action describing the scalar field perturbation. Furthermore, for consistency
another term should be of order αq, otherwise the scalar field equation would be reduced to
R = T = 0. Thus we need to choose a value for q such that αq is second-to-leading order after
α0 with at least two terms of order αq including αqψR. This leads to the unique solution
q = −1/2, in agreement with the analysis of Ref. [72] at the level of the field equations.
We now consider the following model with chameleon screening,
S[φ, g] =
M2p
2
∫
d4x
√−g
(
φR+
2ω
φ
X − α(φ− φ0)n
)
, (B.3)
where we assume n is positive for simplicity. After the scalar field expansion this becomes
S =
M2p
2
∫
d4x
√−g
(
φ0R+ φ0α
qψR+ 2ωφ0α
2qX˜ − α1+nq(φ0ψ)n
)
. (B.4)
We follow a similar argument to derivative screening but now taking the limit α→ 0. In order
to recover the Einstein-Hilbert action in this limit we require q > 0. In addition, to have two
terms of order αq we find that q = 1/(1 − n). From these two conditions we conclude that
a consistent Einstein gravity limit exists only when n < 1, in agreement with the previous
analysis at the level of the field equations.
In order to extend this method to more general Horndeski theories with G4(φ,X) 6= φ
we require the perturbed action to include a term proportional to the Ricci scalar so that
aR with a constant and a term of the form f(ψ)R which sources the scalar field with the
stress-energy tensor. We leave the extension to general reconstructed Horndeski theories to
future work.
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C Application: Towards pulsar tests of the cubic Galileon and f(R) gravity
Finally, we shall provide here an exploratory analysis of PPN constraints that can be in-
ferred employing our formalism. We stress however that this analysis will only serve as an
initial estimate for such constraints. A more detailed analysis, accounting more carefully for
the complex observational and phenomenological aspects involved will be subject to future
work. We will focus on pulsar systems, which have proven to be great testing grounds for
gravitational theories. The radio pulses that neutron stars emit are timed very precisely and
they allow us to deduce the orbital behaviour of these systems with significant precision. In
particular, the discovery of the triple pulsar system PSR J0337+1715 [85], a neutron star ac-
companied with two white dwarfs, sets the strongest constraint on the Nordtvedt parameter
|η| < 2.6 · 10−5 [4]. It was shown in Ref. [81] that the trajectory of freely falling objects will
depend on their compactness, when η 6= 0. For Horndeski theories, this parameter is of the
form
η = 4β − γ − 3 . (C.1)
The triple system is composed of a pulsar with an inner companion orbiting close by and a
second one orbiting further away. The upper bound on the parameter was set by observing
the relative motion of the inner system in the gravitational field of the outer companion. We
will now briefly discuss how the PPN formalism developed in this work can be used with
the current constraint on the Nordtvedt parameter. We apply the formalism to the cubic
Galileon [86] as well as Hu-Sawicki f(R) gravity [87] and we use the orbital data of the triple
system that can be found in Ref. [4].
In order to simplify the calculations we make the following assumptions: (i) we assume
circular orbits, which means that the inner system is at constant distance from the outer
white dwarf; (ii) we consider the inner orbit to be small compared to the outer orbit; (iii) we
take Π = 0; (v) the outer white dwarf is modeled by a perfect fluid with constant density
ρ; (vi) pressure in the outer white dwarf is found using the Tolman-Oppenheimer-Volkoff
equation [79]; (vii) all velocities in the system are negligible; (viii) we assume smoothness of
the PPN potentials between inside and outside the outer white dwarf. In addition, Newton’s
constant GN is constrained from Solar System experiments where the scalar field is screened.
Hence we can relate the effective gravitational constant Geff in Eq. (4.25) and the Newton’s
constant using Geff ∼= G/φ0 = GN . We normalise the background value of the scalar field to
φ0 = 1.
Starting with the cubic Galileon theory with an action of the form
S[g, φ] =
M2p
2
∫
d4x
√−g
(
φR− αX
2
φ4
− α
2φ3
Xφ
)
+ Sm[g] , (C.2)
where the scaling parameter α can be related to the usual cubic Galileon coupling parameter
Λ [21] via α = Λ−3. Using the discussion of Sec. 3.2.1 or Appendix B, we find the order of
the correction terms to be αq with q = −1/2. To find the PPN potentials (A.25), we need the
equations for the scalar perturbation ψ and the potential ΦSc. Using Eqs. (4.2) and (4.20)
together with the value for q, we find
−16piGρ = ∇µ∇νψ∇µ∇νψ − (ψ)2 , (C.3)
∇2ΦSc = −1
2
(∇ψ)2∇2ψ , (C.4)
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where ρ is constant in the outer white dwarf and zero otherwise. The covariant derivatives
of the scalar field equation can be replaced by ∇µ → ∂µ and partial time derivatives ∂0 are
neglected in the PN limit. Under these assumptions as well as the measured distance between
the pulsar and the outer companion, the PPN potentials and the scalar perturbation ψ can be
calculated for the inner system. In particular, the spherical symmetry considerably simplifies
the PDEs and most of the potentials vanish, namely Φ1 = Φ3 = Φ˜1 = Aψ = Bψ = 0. One
can now relate the Nordtvedt parameter η(α) to the scaling parameter α through the PPN
parameters γ and β in Eqs. (4.26) and (4.29), respectively, so that a constraint on α can
be found. By connecting the cubic Galileon parameter to the Vainshtein radius rV which
describes the distance from the source beyond which there is no screening, we find the lower
bound rV > 3 · 10−3 pc. In comparison, the expected value of rV to satisfy cosmological
observations is of order rV ∼ 104 pc [88]. Comparing our result to previous constraints
obtained from pulsar observations, we find that it is of the same order of magnitude than
what can be inferred from the multipole radiation of binary systems [89].
Next we consider Hu-Sawicki f(R) models [87], which are endowed with the chameleon
mechanism. It was shown in Ref. [90] that f(R) gravity is equivalent to a class of Brans-Dicke
theories and so we can write the action of the model as
S[φ, g] =
M2p
2
∫
d4x
√−g
(
φR− α(φ− 1)n/(n+1)
)
(C.5)
with α as the scaling parameter and we choose n = 1 for this example. Following the discussion
in Sec. 3.2.2 or Appendix B we find the order of the scalar field and metric perturbations
to be αq, with q = 2. Eqs. (4.2) and (4.20) give us the following relations for the theory
dependent variables ψ and ΦSc,
ψ =
(
M2p
2ρ
)2
, (C.6)
∇2ΦSc = −
√
ψ . (C.7)
Contrary to the cubic Galileon case, we cannot take ρ = 0 outside the outer white dwarf
since it would lead to a division by zero for the scalar field. This is a consequence of the
environmental dependence in chameleon models. We hence describe the ambient density
with the Milky Way dark matter halo as in Ref. [91]. From the position of the triple system
in our sky and its distance from the Solar System [85] we determine its distance from the
galactic centre to find the matter density. Using Appendix A.4 we find the value of the PPN
potentials for the inner system and using the PPN parameters γ and β in Eqs. (4.26) and
(4.29) respectively, we find the relation η(α). The physical parameter fR0 ≡ df/dR|R=R¯0
that is usually constrained in Hu-Sawicki models shall represent here the background value of
the scalar perturbation in the intergalactic medium around the Milky Way, taken to be the
cosmological background, which is not quite accurate but a usual convention. It is connected
to the scaling parameter through α = 2f1/2R0 R¯0, where R¯0 = 3H
2
0 (1 + 3(1 − Ωm)) [91] is the
background curvature of space. Using the data from Ref. [92], the bound on η and its relation
to α, we find the constraint |fR0| < 7 × 10−4. Importantly, this upper bound is set by the
galaxy density surrounding the pulsar system. In the chameleon mechanism, gravitational
objects may become self-screened if their density is large enough, which means that they
can become unaffected by the ambient scalar field, making this bound invalid. However, in
the case of the pulsar system, even though white dwarfs are compact objects, the system we
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consider is only screened for fR0 ≤ 2×10−4 (following analogous arguments used for the Solar
System in Ref. [87]) such that this bound applies. In contrast, Solar System experiments yield
a constraint of |fR0| . 10−7 [87, 91, 93], which is however set by the requirement that its
location in the Milky Way should be screened by the galactic density with the Sun itself being
screened already for fR0 ∼ 10−2 [87]. In that sense the pulsar constraint can be interpreted
as being stronger than that set by the Sun.
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